An accurate prediction of ductile cast iron microstructures is crucial for a science-based optimisation of cast component design. The number density and distribution of graphite nodules critically influence the mechanical performance of a component in service. Although models predicting nodule growth have been researched for many years, recent improvements have been impeded by lack of detailed experimental data on nodule growth kinetics for validation. This data has now been made available through in situ observations of the solidification of ductile cast iron using synchrotron X-ray tomography in combination with a high temperature environmental cell. In the present investigation, a new sphere of influence model for spheroidal graphite growth is proposed. It inherently incorporates the competition for carbon between neighbouring nodules and the depletion of carbon in the matrix.
influence model successfully predicts both growth of individual nodules as well as the size distribution of a large nodule population during solidification.
Introduction
Ductile cast irons (DCI) are known to provide good mechanical performance in terms of fatigue strength and fracture toughness [1] at a low cost, making DCI an important engineering material. The mechanical properties of this family of alloys not only depends on the graphite nodule number density but also the nodule size and shape distributions [2, 3] .
Graphite nodules form during solidification and the number density of nodules is highly dependent on the thermal conditions of the casting process. In general, the processing conditions play a vital role for the final microstructure and thus the mechanical properties of a DCI component.
To predict the room temperature microstructure of a DCI component from given thermal conditions and melt chemistry, models for nucleation and growth of nodules are crucial.
Casting simulations are routinely applied in the component design process for identification of areas where porosity and other microstructural defects are likely to occur. However, such simulations often rely on simplified relations between thermal conditions and predicted microstructure [4] .
By tailoring the microstructure it is possible to design lighter structures with improved service life. This requires in-depth knowledge of the basic mechanisms of solidification, allowing identification of suitable melt chemistry and processing routes. Thus, to fully exploit the potential of DCIs, accurate microstructural models are necessary. Through recent emergence of advanced characterisation techniques like synchrotron X-ray imaging and diffraction it is now possible to capture microstructural evolution in real-time.
Synchrotron X-ray sources provide high intensity beams enabling fast imaging of bulk metal objects. In combination with environmental cells, which allow controlled heating of representative sample to temperatures above the melting point of most alloys, synchrotron Xray sources can be used to study the solidification of alloys [5, 6, 15, [7] [8] [9] [10] [11] [12] [13] [14] including cast iron [16] in real-time. Recently, the first in situ 4D (3D and time) observations from DCI solidification have been presented by the authors [17] allowing a full description of the development of individual nodules and a direct comparison between predictions from microstructural models to time resolved observations of nodule growth.
Based on a thorough analysis of the benefits and limitations of existing models, a new model for graphite nodule growth is suggested. The new model takes into account the effect of competition for carbon between growing graphite nodules. The present investigation then makes full use of the in situ observations to validate the new model by directly comparing model predictions to experimental observations.
In situ observations of DCI solidification
The synchrotron experiment was performed using the Alice environmental cell [15] at the I12 beam line of the Diamond Light Source, UK. A cylindrical sample (2mm in diameter, 8 mm in height) of near-eutectic composition was melted and re-solidified while tomograms of the rotating sample were continuously captured. The initial sample composition is provided in table 1. During the experiment, carbon was lost to the surroundings resulting in an estimated final carbon concentration of 3.0 %wt. which was calculated using the total graphite mass after solidification as measured from tomograms obtained after solidification was complete. A thorough description of the experiment and data post-processing has been given in reference [17] .
The sample was heated to a maximum temperature of 1167 °C and then solidified at a cooling rate of 0.03 °Cs -1 . A 75 keV monochromatic beam was used and the acquisition was performed using a PCO edge camera with a pixel size of 1.3 µm. Projections of a 3 mm tall central region were captured every 0.11 s and 360 projections were used for reconstruction of each tomogram. Thus, tomograms were acquired consecutively every 40 s, corresponding to 1.2 °C change in temperature per tomogram. At the maximum temperature any pre-existing graphite had been dissolved indicating that the sample was completely liquid at this point. The time = 0 s is assigned to the tomogram recorded at 1138 °C, just before the first graphite appears. Post-processing such as filtering, registration and segmentation based on grey levels was performed in Avizo.
In this investigation, the nucleation and growth of graphite nodules is evaluated by observing 643 nodules. The nucleation and growth primarily occur over a time interval of 240 s, corresponding to a temperature change of approximately 7 °C. During this interval 6 tomograms were recorded. Table 1 : Initial sample composition, as measured using a spectrometer for all elements except carbon. Carbon content was measured using a LECO CS230. Carbon concentration after solidification was estimated to 3.0 %wt. Figures 1a-d clearly show the formation order of the graphite nodules. Traditionally [18] [19] [20] [21] , colour etchings and mappings by microprobe have been used to study the segregation of silicon during solidification and thus to derive information about the sequence in which microstructure evolves. Mapping by energy dispersive spectroscopy (EDS) is a less involved process and the result provides a good overview of silicon segregation and the location of the last-to-solidify zones [17] . The area around P1-P8 was investigated in the final microstructure using light optical microscopy (LOM) and EDS, figures 2a-c. From the Si distribution in figure 2b it is evident that the large nodule P1 is confined to a Si rich region while relatively smaller nodules, such as P6, are confined to zones of lower Si concentration. This indicates that P1 nucleated early while P6 formed towards the end of solidification, in agreement with the in situ observations in figures 1a-d. This conclusion supports the finding that silicon redistribution during solid state transformation is limited [22] . Mg-containing particles, likely oxides, are indicated in figure 2c . The EDS maps of silicon and magnesium (figures 2b and 2c),
suggest that the Mg-containing particles were rejected to the last-to-solidify melt but did not act as active sites for graphite nucleation.
The following section discusses growth of graphite nodules in the light of the in situ observations and existing models for nodule growth. respectively. Two Mg-containing particles are pointed out in a) and c).
The graphite nodule growth stages in a Fe-C alloy
The growth of graphite nodules during solidification and solid state cooling in a DCI alloy can be divided into four stages:
i Free growth: Upon nucleation, the graphite nodule grows in direct contact with the melt.
This type of growth is assumed to be governed by the interface kinetics of incorporating carbon atoms into the nodule [23] .
ii Encapsulated growth: After the nodule is encapsulated in austenite, the growth of the nodule is governed by the diffusion of carbon from the carbon-rich melt towards the nodule through the encapsulating austenite shell.
iii Low supersaturation growth: After solidification, nodule growth is driven by the decreasing solubility of carbon in austenite as the alloy is cooling. The austenitic matrix has a low carbon supersaturation resulting in slow nodule growth.
iv Transformation-driven growth: The transformation of the matrix from austenite to ferrite is associated with a large decrease in carbon solubility. A part of the rejected carbon further contributes to growth of graphite nodules in solid state. 
where , '/% and , '/3 are the carbon concentrations of austenite in equilibrium with graphite and liquid respectively. The growth rate equations resulting from these assumptions were first presented by Wetterfall et al. [24] and the analysis was further expanded by Lesoult et al. [25] . In this investigation, the latter is referred to when considering the predicted growth rate within the uni-nodular framework. It is given as
where , ' is the diffusion coefficient of carbon in austenite and ' and % are the densities of austenite and graphite, respectively. The assumed distribution of carbon within the unit volume is schematically illustrated in figure 3b. The above equation can also be written in a more compact form 
where , 3/' is the carbon concentration of the melt in equilibrium with austenite. Although the assumed arrangement of austenite, liquid and graphite in the UN model permits a mathematically simple description of nodule growth it also has intrinsic limitations. During solidification, austenite dendrites encapsulate multiple nodules which results in nodule interaction through overlapping diffusion fields and growth competition. Thus, the basic assumption of the uni-nodular approach, that a nodule and its surrounding austenite shell is effectively isolated from its neighbours, is compromised. As a direct consequence the transition between growth stages (ii) and (iii) is not described in the UN model.
Recently, the UN model was extended [17, 26] An early attempt to model the transition between encapsulated growth and low supersaturation growth during solid state cooling was made by Boeri [27] . That study was inspired by an investigation from Su et al. [28] to modify the growth rate equation, equation (2), such that the nodule growth rate decreases with increasing solid fraction according to [29] 
With this expression, the growth rate, ̇L % , is assumed equal to zero after solidification is complete, which is a reasonable simplification given the very low expected growth rates at this stage. J and especially the numeric pre-factor 0.9 appear to be the result of somewhat arbitrary choices which are not sufficiently supported by experimental evidence. Comparing the results of casting simulations to experimental observations has so far been the main tool applied to validate the different microstructural models [29] [30] [31] [32] [33] as direct observations of graphite growth have been unavailable. This approach has the disadvantage that it tests the thermal solver and choice of nucleation model as well as the microstructural growth model.
As a result the comparison of experiment and simulation does not provide a sufficiently detailed basis for validating the microstructural model itself.
From the analysis of the in situ observations previously presented it was clear that the description presented by Lesoult et al. [25] yielded predictions of growth rates, which, during early stages of solidification agree well with the experimental observations [17] . However, the experimental data showed a significant and continuous overall drop in graphite nodule growth rates towards the end of solidification. This observation was attributed to the partial depletion of carbon from the austenite matrix even at relatively low solid fractions. This does not agree with the assumptions of the UN model which for the same reason predicts growth rates much higher than what is experimentally observed at the late stages of solidification.
The suggested growth model by Boeri [27] predicts a gradual decrease in nodule growth rates. Its exact formulation is, however, questionable as it assumes decreasing growth rates from the beginning of solidification, which is a divergence from the experimental observations. Instead, a modification should, according to the presented experiment, only take effect at late stages of solidification.
By comparing growth rates of neighbouring nodules and taking into account the arrangement of graphite, austenite and liquid, Bjerre et al. [34] found that proximity of a nodule to the lastto-solidify regions contribute to high growth rates even during late stages of solidification.
Nodules situated among several neighbours exhibited sluggish growth and the overall growth plateaued relatively early. This illustrates the effect of carbon depletion in the austenite on the competitive growth between neighbouring nodules. The effect causes large individual variations in nodule growth rates.
Thus, it seems necessary to consider the effect of overlapping diffusion fields when revisiting graphite nodule growth models but also that this effect only plays a role at late stages of solidification. Impingement of diffusion fields has previously been included in similar models for porosity growth in Al-Si castings [35, 36] . Although the need for a modification or revision of the UN model is clear, it is remarkable that the predicted growth rate corresponds well to the experimental observations, especially considering the amount of austenite present before the first graphite formed. Thus, even though the actual arrangement of austenite and graphite does not correspond with the idealised UN model, the carbon concentration field assumed in the model seems to provide a reasonably good approximation.
Sphere of influence model for nodule growth
It is clear that the UN model described above provides an incomplete picture of the graphite nodule growth at late stages of solidification. In the case where multiple nodules are embedded in an austenite grain, which itself is surrounded by carbon-rich liquid, it is not immediately clear how the carbon is distributed around each nodule.
The UN model assumes a spherically symmetric austenite shell in which the carbon concentration depends linearly on 25 as illustrated in figure 3b. Above it was made clear that this is a reasonable approximation for initial stages of growth. However, this arrangement of austenite, graphite and liquid, assumed in the UN model is a biased representation of the actual observed microstructure during the course of solidification. Thus, rather than assuming a perfect austenite shell around each nodule, we introduce a sphere of influence around each nodule. Within this sphere, the carbon level is below the concentration predicted by austenite-liquid equilibrium due to nodule growth. Figure 4 schematically illustrates the solidification of DCI where the spheres of influence are depicted. Initially, there is no interaction between the spheres of influence, as shown in figure   4a . As the solidification progresses, the spheres of influence expand and impinge as shown schematically for two time steps in figure 4b and c respectively. As soon as the spheres of influence impinge, the carbon concentration around a nodule cannot be described by equation
(1) and the flow of carbon towards the nodules will be reduced. This will lead to a reduction in growth rate similar to the behaviour observed by Azeem et al. [17] . The different nodules in figure 4 experience varying degrees of overlap between their spheres of influence which lead to variations in growth rate among nodules which are otherwise comparable [34] . The purpose of modifying the UN model is however not to describe in detail the individual variations in growth rates but rather to capture the overall growth behaviour.
In order to achieve this, the approach by Boeri [27] is adopted such that equation (2) is multiplied by a factor . From the previous discussion M needs to fulfil two requirements: a)
only impose a reduction in growth rate above a certain solid fraction expressing the impingement of spheres of influence and b) The growth rate must be equal to zero at a solid fraction equal to 1. The simplest choice is a linear relation:
if Q ≥ Q *
With the above equation the growth rate decreases with increasing solid fraction for Q ≥ Q * such that the growth rate is 0 at Q = 1. Equation 7 will be referred to as the Sphere of
Influence (SoI) model in contrast to the UN model expressed by equation (2) . The modifying factor can be included in a new expression for Δ , in equation (3) such that
which illustrates that this type of modification is equivalent to imposing a decreasing carbon supersaturation which leads to a reduction in the nodule growth rate. Equation (7) contains a single parameter which needs to be determined, namely Q * , which is effectively the solid fraction at which the reduction in carbon supersaturation is imposed.
The UN model predicts a ratio ' / % which is approximately equal to 2.4, a result which has been experimentally verified [24, 37] . Considering the previous discussion ' is replaced by the sphere of influence radius _`a which is assumed equal to 2.4 ⋅ % . Thus ( % , ' ) in (3) becomes
This modification only changes model predictions marginally but the austenite volume fraction can now be calculated by assuming equilibrium between austenite and liquid, which affects the calculation of the solid fraction in a casting simulation.
Given that the purpose of the model is to capture the average nodule behaviour it seems appropriate to associate Q * to the point in time where the average nodule sphere of influence radius exceeds half of the average spacing between nodules. Following the above discussion we now assume that all nodules have a sphere of influence with a radius of efg = 2.4 lm % , lm % being the equivalent radius of each experimentally observed nodule calculated by assuming that each nodule is perfectly spherical. From this, the radius of the average sphere of influence can be calculated as a function of time in the experimental data. The average spacing between randomly distributed nodules, Δ , can be calculated from [38] :
where N is the number density of nodules. The average efg and Δ /2 from the experimental data is presented in figure 5 as a function of estimated solid fraction. The extent of the average sphere of influence exceeds half of the average spacing between nodules at a solid fraction of 0. 62. According to the above analysis, it is from this instance that the growth of nodules on average starts to be affected by the decreasing availability of carbon and thus _ * = 0.62 in the experiment. The solid fraction as a function of time was not measured directly from the in situ observations because of the very low X-ray attenuation difference between the liquid metal and the solid austenite. Instead, the solid fraction was estimated using the observed graphite volume and the calculated nominal carbon content. By additionally assuming that austenite and liquid remain in equilibrium throughout solidification the solid fraction can be estimated as detailed elsewhere [17, 26] . Since the average SoI as well as the average distance between nodules are highly dependent on the actual density of nodules as well as the nodule size distribution, Q * cannot be given a priori but needs to be measured experimentally or simulated.
To illustrate how Q * varies under different process parameters, DCI solidification was where the temperature T is expressed in Kelvin. Austenite and liquid volume fractions are calculated by assuming conservation of total mass and carbon mass and using a linear approximation of the Fe-C phase diagram [30] . Figure 6 presents the half average nodule spacing Δ /2 and average efg from simulations with three different carbon compositions. At near-eutectic composition ( , = 3.7 %wt, _x = 1.9 %wt) only a small amount of austenite has formed before graphite nucleation is initiated.
Initially, the average efg is small and the Δ /2 is large. As the solidification progresses they become equal momentarily following which the efg increases while the Δ /2 decreases.
During solidification, a small decrease in the average efg can be observed in each simulation due to the rapid nucleation of new nodules. As the nucleation ceases, the average efg increases again. The fraction solid, Q * , at which the average efg is equal to Δ /2 decreases as the carbon concentration increases across the three simulations. Similarly, Q * is influenced by melt inoculation state and cooling conditions. Thermal conditions as well as melt inoculation state mimic those of the in situ experiment.
Model validation
The validation of the model is divided into two parts: The first comparison focuses on nodule growth in terms of the relation between nodule volume and time and between nodule volume and nodule growth rate. Secondly, the SoI model is used to predict the development of the nodule size distribution during solidification. In all cases the results are compared with experimental observations.
Nodule growth
The growth of individual nodules is simulated under conditions which correspond to those of the in situ experiment as described in the previous section and supplementary note 1. Nodule growth is initiated at the estimated time of nucleation obtained by extrapolation from the first observation of a nodule down to a nodule radius of 1 µm. This method of estimating nucleation time and temperature has previously been employed for graphite nodules in DCI and porosities in Al-Cu alloys [17, 40] .
In figure 7 the volume of four regular nodules, N1 to N4, is presented as a function of time from experimental observations as well as simulated predictions. The experimental data for N1-N4 all display an initial growth stage followed by a transition to a regime of little or no growth reflecting first the encapsulated growth followed by a transition to low supersaturation growth during solid state cooling. The growth rate in the later stage is too small to be observable within the considered time range. For each of the four nodules a simulation using the SoI growth model is presented. For the nodule N1 the growth was also simulated using the UN model, equation (2), and the effect of the model modification can be clearly observed: Initially, the two models accurately predict the fast growth rates with both UN and SoI model curves overlapping. Later, the UN model predicts an accelerated growth rate while the prediction from the SoI model shows a gradual growth rate reduction.
Comparing the observed and predicted relation between nodule volumes and time for the four regular nodules, it is clear that the SoI model prediction is close to the observed behaviour, including the accurate prediction of gradual transition between encapsulated growth and low supersaturation growth during solid state cooling. The final volume of N2 and N3 is overestimated while it is underestimated for N1 and well predicted for N4. This is not a surprise given the individual differences in growth conditions which result in growth rate variations between otherwise similar nodules as discussed by Bjerre et al. [34] . The current investigation only considers growth of regular nodules to ensure a relevant experimental basis for comparison to simulated results. However, irregular nodules have been observed to grow faster than regular nodules [17] and the presence of irregular graphite nodules reduces the yield and tensile strengths in DCI components [3] . Murcia et al. [41] approached this problem by assuming a partial encapsulation of nodules by austenite during solidification leading to a prediction of average nodularity. It might be necessary to include extreme growth behaviours in future models for microstructure development in order to provide better prediction of structures which might lead to component failure. 
The development of a population of graphite nodules
It is clear that the SoI growth model accurately predicts the average nodule growth behaviour.
In this section, we evaluate the feasibility of using the model to predict the development of the nodule size distribution and thus evaluate if the shape of the distribution is dominated by average nodule growth behaviour or not. Most simulations of the solidification of DCI components [29] [30] [31] [32] [33] assume that this is the case although it has not been sufficiently investigated.
The experimentally observed nodule density is presented as a function of time in figure 9 . As specified before, the nucleation instance of each nodule is estimated using extrapolation down to a radius of 1 µm from the nodule volume from when it was first observed during in situ The distribution of equivalent nodule radii observed at 6 different instances of time is presented in figure 10 . All distributions are normalised with respect to the final number of nodules. The equivalent nodule radius is obtained from the nodule volume gathered from tomograms rather than the cross sectional slices obtained from a 2D micrograph. This allows elimination of the related uncertainties as illustrated in references [2, 43] . Figure 10 shows the size distribution evolution that develops from being almost uniform in the initial stages of solidification to become increasingly narrow with the maximum shifting towards larger radii during later stages of solidification. The significant shift in the nodule size distribution observed between t = 400 s and 480 s is associated with the fact that nucleation of nodules has ceased at this point while the existing nodules continue their growth, albeit at a relatively low rate. The data presented in figure 8 showed that the growth rate of large nodules is affected more by the decreasing availability of carbon than their smaller counterparts. This indicates why the distribution becomes increasingly narrow and bell shaped over time. The nodule size distribution displays more than one maximum at several time instances although nucleation is continuous. Size distributions with multiple maxima are usually interpreted as evidence for multiple stages of nucleation separated in time by recalescence as discussed for high cooling rates by Pedersen and Tiedje [44] . Figure 10 highlights that care should be taken when concluding on nucleation stages solely on the basis of the size distribution observed at room temperature. Figures 11 and 12 present the results of simulations using the UN model, i.e. equation (2), and the SoI model, equation (7), respectively. Note that the two figures are identical at t = 240 s, 280 s and 320 s as the model modification in the present case only takes effect after t = 320 s.
Comparing with the experimental observations presented in figure 10 it is clear that the UN growth model results in a large overestimation of the radius associated to the maximum of the distribution. In general, the final size distribution is shifted towards larger radii as compared to the experimental data. The SoI growth model produces a much better prediction of the final distribution. In general, it seems that the overall shape of the size distributions in figure 12 resembles those observed in the experimental data ( figure 10 ). However, the smallest nodules appear slightly over-represented in simulation results at t = 360 s and 400 s. This might be due to an underestimation of the growth rates of the smallest nodules. It is possible that these nodules are not as heavily affected by the depletion of carbon from the matrix as new nodules form only in the liquid where there, presumably, is sufficient carbon available to limit the effects of the overall depletion of the matrix. This is also reflected by the fact that the UN model performs better in this respect. A possible solution to improve this prediction would be to exclude nodules below a certain radius from the effects of carbon depletion although it is unclear how such a cut-off threshold can be selected. 
Conclusion
The sphere of influence (SoI) model for graphite nodule growth has been suggested and • The effect of carbon depletion in the austenite matrix is taken into account.
• A criterion for imposing the effect of carbon depletion is developed based on considerations of overlapping diffusion fields. This criterion does not require predefined inputs in solidification simulations.
• The model is validated over a broad range of times and solid fractions as well as for both individual nodules and a large population. Data statement: Due to its large size, the underlying raw data is not shared online, but representative sample data is included in the figures and supplementary data. The entire datasets are stored at DLS, and are available from the authors on reasonable request.
